A master equation expressing the zero curvature representation of the equations of motion of a two-dimensional non-linear sigma models is found. The geometrical properties of this equation are outlined. Special attention is paid to those representations possessing a spectral parameter. Furthermore, a closer connection between integrability and T-duality transformations is emphasised. Finally, new integrable non-linear sigma models are found and all their corresponding Lax pairs depend on a spectral parameter. *
Introduction
The problem of finding dynamical systems which are integrable is a fascinating subject in mathematics and theoretical physics. In classical mechanics integrability is understood as the possibility of finding as many conserved quantities as the number of degrees of freedom of the dynamical system. It happens, in some cases, that these conserved quantities lead to the exact solvability of the associated equations of motion. In field theory, however, an infinite number of conserved charges is required for integrability.
The Lax formulation of integrability provides a method for constructing conserved dynamical quantities. In this formulation, a two-dimensional field theory is considered to be classically integrable if a Lax pair (A 0 , A 1 ) can be found such that the linear system yields, as its consistency condition, the equations of motion of the two-dimensional theory under consideration. Here the matrices A 0 and A 1 depend on the fields of the theory and possibly on some free arbitrary parameter λ, known as the spectral parameter. This parameter can be very useful in extracting conserved quantities. The fields Ψ can be either a column vector or a matrix of the same dimension as A 0 and A 1 . The consistency condition (usually referred to as the zero curvature condition) of this linear system is clearly
The conserved quantities are then constructed using the so-called monodromy matrix 2) where P stands for the path-ordered exponential and we have chosen σ to be in the interval [0 , 2π] . One can show that the traces of powers of the monodromy matrix, Tr [T n (λ, τ )], are independent of the time τ and are in involution with respect to Poisson brackets: {Tr [T m (λ 1 , τ )] , Tr [T n (λ 2 , τ )]} = 0. The proof of the first statement assumes the periodicity condition A 0 (λ , 0 , τ ) = A 0 (λ , 2π , τ ). Expanding Tr [T n (λ, τ )] in powers of λ generates an infinite set of conserved charges (see [1, 2] for more details).
In this paper we would like to examine the question of integrability in two-dimensional non-linear sigma models. This is because there are only a handful cases of such theories which are known to be integrable (the principal chiral model, the Wess-Zumino-Witten model and their various modifications [3, 4, 5, 6] ). It is therefore important to investigate whether other integrable models exist. Furthermore, the study of the properties of non-linear sigma models involves often the geometry of the target space on which these theories are defined. For instance, the renormalisation properties of these models constrains the geometry of the target space [7] . It will be shown in this paper that the requirement of integrability puts further constraints on the allowed target spaces. This could be of crucial importance to string theory as non-linear sigma models are supposed to describe the propagation of the massless modes of bosonic string theory [8] . In other words, the conditions for conformal 1 Here, the two-dimensional coordinates are (τ, σ) with ∂ 0 = ∂ ∂τ and ∂ 1 = ∂ ∂σ . In the rest of the paper, however, we will use the complex coordinates (z = τ + iσ ,z = τ − iσ) together with ∂ = invariance at the quantum level (the vanishing of the beta functions) and the requirement of classical integrability of non-linear sigma models might reduce the number of possibilities for the spaces on which one can carry out the compactification of the extra dimensions of string theory.
We start this paper by giving the general framework for a zero curvature representation of the equations of motion of a two-dimensional non-linear sigma model. We derive a target space condition for this requirement and analyse its resulting geometry. In section 3, we provide some known solutions to this condition. Section 4 deals with the issue of introducing a spectral parameter in the Lax pair construction and further geometrical properties are analysed there. We then study, in section 5, the integrability of a non-linear sigma model which generalises the principal chiral sigma model. In section 6, the interplay between Tduality and integrability of non-linear sigma models is explored. This work is a continuation of an earlier investigation [9] .
Zero curvature representation of non-linear sigma models
A two-dimensional non-linear sigma model is an interacting theory for some scalar fields ϕ i (z ,z) as described by the action
The metric and the anti-symmetric tensor fields of this theory are defined as
We will assume that the metric g ij is invertible and its inverse is denoted g ij . Indices are raised and lowered using this metric. We will also define, respectively, the Christoffel symbols, the torsion and the generalised connection as follows
3)
The equations of motion of this theory can be written as
Let us now construct a linear system whose consistency conditions are equivalent to these equations of motion (a zero curvature representation). We take, as an ansatz, this linear system to have the following form
where α i and β i are two matrices depending on the fields ϕ i . This form of the Lax pair is dictated by the fact that the equations of motions of the non-linear sigma model do not contain terms involving ∂ 2 or∂ 2 . The compatibility condition of the linear system takes then the form
The non-linear sigma model enjoys a zero curvature representation of its equations of motion if this compatibility condition can be written as
for some matrices µ i (ϕ). In order for this last relation to yield E i = 0 as the only non trivial possibility, the matrices µ i have to be linearly independent and their number must be equal to the dimension of the target space of the non-linear sigma model.
The compatibility condition of the linear system yields the equations of motion of the two-dimensional non-linear sigma model, that is equation (2.7) holds, provided that the matrices α i (ϕ), β i (ϕ) and µ i (ϕ) satisfy
The first equation gives simply β i in terms of α i and µ i
The second equation of the above set can then be written as
where we have introduced, for later use, the field strength F ij and the gauge covariant derivative corresponding to the matrices α i
where X denotes any matrix valued quantity. Equation (2.10) is at the centre of the ability to represent the equations of motion of a non-linear sigma model as a zero curvature condition of a linear system. The unknowns of the problem are the two sets of matrices α i and µ i and the generalised connection Ω k ij . Each triplet α i , µ i , Ω k ij satisfying (2.10), yields a non-linear sigma model with a zero curvature representation (provided that one can extract g ij and b ij from the knowledge of Ω k ij ). However, equation (2.10) does not guarantee that the matrices α i and µ i will depend on a spectral parameter (which plays an important role in the construction of the conserved quantities of two-dimensional integrable theories). Let us now explore some properties of this central equation.
2 These equations are found by comparing the terms involving ∂∂ϕ i and ∂ϕ i∂ ϕ j on both sides of (2.7).
The geometry
The consistency relation (
where we have used the Bianchi identities ∇ k F ij + ∇ j F ki + ∇ i F jk = 0. Here R n jik is the generalised curvature tensor and is defined by
(2.13)
We notice immediately that if F ij = 0 (that is, α i = M −1 ∂ i M for some invertible matrix M(ϕ)), then R n jik µ n = 0. Since the matrices µ i are assumed to be linearly independent, we have R n jik = 0 and the target space of the non-linear sigma model is, in this case, parallelisable.
In the context of string theory, non-linear sigma models describe the propagation of strings in non-trivial backgrounds. The consistency of this propagation is equivalent to the vanishing of the beta functions of the non-linear sigma model [10, 11, 12] . At the one loop level, these beta functions (in the absence of the dilaton field) are characterised by the generalised Ricci tensor
jik . If the non-linear sigma model admits a zero curvature representation then its generalised Ricci tensor satisfies
In particular, if the generalised Ricci tensor vanishes (namely, conformal invariance holds at the one loop level) then one has
This last equation is a generalisation of the equations of motion of pure non-Abelian YangMills gauge theory. It is also interesting to split equation (2.10) into its symmetric and anti-symmetric parts. This yields 
In this case the entries of µ i are Killing vectors (isometries) of the metric g ij .
The linear system (2.5) with β i = α i + µ i could be made 'more symmetric' by writing α i = γ i − µ i , for some matrices γ i (ϕ). The linear system takes then the form
In terms of the matrices γ i , the symmetric and anti-symmetric parts of equation (2.8) give
The advantage of working with the matrices γ i is that the derivatives of µ i do not appear in the anti-symmetric part of the last set of equations.
Another geometric structure occurs when introducing the following change of variables
In terms of the new variables ν i and α i , equation (2.10) takes the form 20) where
Notice that the left-hand side of this last equation is a gauged version of a matrix valued Lie derivative for the tensor Q ij . With the new variables, α i and ν i , the linear system is given by
Equation (2.20) , when α i = 0 and when ν i take values in a Lie algebra, is precisely the relation encountered in the context of Poisson-Lie duality and whose solution was given by Klimčík andŠevera in [13, 14] .
Furthermore, equation (2.20) can be interpreted in the following way: Let us choose two currents such that 
In addition, these currents satisfy the Bianchi identities (stemming from the identity
In terms of these currents the Lax pair (2.5) takes the form
The consistency condition (the zero curvature condition) of this Lax pair is
Equation (2.20) amounts then to demanding that 27) where α i = −Q il ν l + α i and and β i = Q li ν l + α i . This means that the Lax pair yields the equations of motion of the non-linear sigma model up to terms which identically vanish. The importance of working with currents will show up in the rest of the paper.
Known Solutions
As stated above, all the quantities entering equation (2.10) are unknowns. In order to find some solutions, we proceed by fixing some of these unknowns.
As a start, let us first check that this formalism reproduces the two well-known integrable non-linear sigma models, namely the principle chiral model and the Wess-Zumino-Witten model. These models are found by taking the following expressions for the matrices α i and . Finally, the quantities x and y are two constant parameters which will provide the spectral parameter. We assume that x and y are different from zero.
Injecting the expressions of α i and µ i in (2.10) leads to
where κ = − To summarise, the Lax pair construction for the class of theories represented by the metric and the torsion in (3.3) is given by ). Another interesting theory is found when the matrices α i and µ i are constant. In this case we take
where
where ρ = − 1 y (x 2 + xy). These relations yield a non-linear sigma model defined by
where η ij is the invertible bilinear form corresponding to the Lie algebra
to be totally anti-symmetric). Therefore, the linear system for this non-linear sigma model (3.7) is given by
where x plays the role of the spectral parameter while ρ is a free parameter 3 . The quantum properties of this model, thought for a while to be the dual of the principal chiral sigma model [15, 16] , have been studied in [17] .
In this paper, we will present other non-linear sigma models which admit a Lax pair representation. Some of these models are new integrable two-dimensional theories.
Construction having a multiplicative spectral parameter
So far we have only given the conditions under which the equations of motion of a non-linear sigma model admit a zero curvature representation. However, as mentioned earlier these conditions (namely, equation (2.10)) do not guarantee the existence of a spectral parameter. For instance, the non-linear sigma model constructed in the context of Poisson-Lie T-duality [13, 14] admits a zero curvature representation but without a spectral parameter. Therefore, the class of non-linear sigma models enjoying a zero curvature representation is necessarily larger than the class of non-linear sigma models possessing the same property but with a spectral parameter.
As the presence of a spectral parameter in the Lax pair is of crucial importance in extracting conserved quantities [1, 2] , we will now demand that our construction depends on such a spectral parameter.
We assume, in this section, that this spectral parameter enters in a multiplicative manner. Namely, we consider the following ansatz for the linear system
where x is our arbitrary spectral parameter and y(x) is a function of x. The matrices α i and β i are independent of x. The equivalence of the compatibility condition of the linear system and the equations of motion of the non-linear sigma model (F = µ l E l ) results in the equality
Upon identification of the terms involving∂∂ϕ i and ∂ϕ i∂ ϕ j on both sides of this equation we get
The first equation of this set determines the matrix µ i while the second leads to
The important point here is that this last equation should hold for any value of the spectral parameter x (we recall that α i , β i and Ω l ij are independent of x). This requirement is fulfilled only if
together with
for two parameters a and b (which will define the different non-linear sigma models). It is easy to see that by taking α i = β i = g −1 ∂ i g, a = (2κ − 1)/2 and b = (2κ + 1)/2 one recovers the construction already given in (3.4) . Similarly, by taking α i = β i = T i (where
and a = b = ρ we arrive at the linear system in (3.8).
The geometry
It is instructive to point out the special features of the theories which admit the Lax construction (4.1). We would like, in particular, to provide an interpretation for the two matrices α i and β i of this Lax pair. In order to do this, we start by combining the two equations in (4.5) and taking the symmetric and anti-symmetric parts. This yields
The first two equations of the set (4.7) can be cast in the form
In terms of the tensor Q ij = g ij + b ij , these two equations combine to yield
This last relation is precisely the condition needed for the non-linear sigma model (2.1) to enjoy the isometry symmetry [18, 19] 
where K i AB are the entries of the matrix K i and ε AB are constant infinitesimal parameters. We conclude that if a non-linear sigma model accepts a Lax pair representation of the form (4.1) then this model possesses an isometry symmetry (of course, for K i = 0).
The conserved currents corresponding to the isometry transformation (4.11) are
In terms of the two currents J andJ, the Lax pair (4.1) is given by
Moreover, by contacting both sides of equations (4.5) with ∂ϕ i∂ ϕ j , we obtain
are the equations of motion of the non-linear sigma model. These relations can be cast into the form
This last set of equations, suggests the study of three different cases:
In this case the two currents J andJ satisfy the equation ∂J +∂J = 0 independently of the equations of motion of the non-linear sigma model. Therefore, the equation ∂J +∂J = 0 is a Bianchi identity (a topological property) for the two currents. Furthermore, equations (4.7) reduce to 
This has a unique solution given by K i = g −1 ∂ i g, for some Lie group element g(ϕ), and the integrable theory is the principal chiral non-linear sigma model (that is, equation (3. 3) with κ = 0). The parameter a in (4.13) is equal to −1/2.
This case means that the integrable non-linear sigma model must possess the isometry symmetry (4.11) whose conserved currents are J andJ (namely, ∂J +∂J = 0 on shell). Moreover, the field strength ∂J −∂J + J ,J vanishes only when the equations of motion are obeyed and is no longer a Bianchi identity as in the previous case.
As seen earlier, the first two cases are unique and lead to known integrable non-linear sigma models. Therefore, any new integrable non-linear sigma model (having (4.13) as a Lax pair) must fit in this third class. Notice that the conformal and non conformal WZW models are part of this third class. Indeed, by taking
and injecting them into the set (4.7) one gets precisely equations (3.2) leading to the WZW models (3.3) .
It is therefore natural to ask whether other non-linear sigma models, possessing (4.13) as a Lax pair, exist. We will provide below an example of a non-linear sigma model, different from (3.3) and (3.7), which have such a property.
An Example
The non-linear sigma model we consider here is based on the SU(2) Lie algebra. Its action is given by
where r and n a (a = 1, 2, 3) are the fields of the non-linear sigma model subject to the constraint δ ab n a n b = 1. The SU(2) Lie algebra is [T a , T b ] = ǫ abc T c with ǫ 123 = 1. We shall make no distinction between upper and lower SU(2) indices.
It is important to mention that this non-linear sigma model was first studied in [3] and later reexamined in [4] . The authors of [3] demanded that this model should be: firstly classically integrable and secondly it admits two commuting Kac-Moody algebras at the level of Poisson brackets (the Hamiltonian is quadratic in the Kac-Moody currents). Here we will require that the model is only classically integrable. Despite the fact that our requirement is less restrictive, the only solution we found is that of [3] .
The equations of motion of this non-linear sigma model are
Here a prime denotes the derivative with respect to r. The equations of motion for the field n b are obtained by introducing a Lagrange multiplier for the constraint δ ab n a n b = 1.
The ansatz for the SU(2) components of the two currents J = J a T a andJ =J a T a , appearing in the linear system (4.13), is taken to have the form [3] 
Our task now is the determination of the functions B(r), C(r), β(r) and γ(r) such that on shell (namely, when the equations of motion (4.19) are obeyed), these two currents satisfy
In practice, one extracts ∂∂r and ∂∂n b from the equations of motion (4.19) and injects them into the above on-shell requirements (4.21).
We find that (4.21) holds provided that the following differential equations are obeyed
The first two equations of this system are solved by
where b and c are two arbitrary constants, with b different from zero. The solutions to the whole system are then divided in three cases: Case a)
with b arbitrary. Case b)
25) 5 We have used the fact that ǫ abc ǫ cde = δ ad δ be − δ ae δ bd and other relations coming from the differentiation of the constraint δ ab n a n b = 1. In particular, the relation ǫ bcd n a n b ∂n
where d is a constant of integration. Case c)
where d is a constant of integration, a = 2 b
(1 + b) and η 2 = 1. In summary, the SU(2) integrable non-linear sigma model is given by (4.27 ) is a total derivative and does not contribute to the equations of motion. Therefore, the integrable non-linear sigma model (4.27), up to some rescalings of the fields, is precisely the model of [3] .
Generalisation of the principal chiral model
We have so far studied only the case when the spectral parameter enters the Lax pair in a multiplicative manner. What can one say now about the situations when this is not the case? Unfortunately, there is not much that one can say about a general non-linear sigma model. The integrability is described by the Lax pair (2.5) and the master equation (2.10) where one might find a spectral parameter hidden in the matrices α i and β i . However, a great deal can be learnt by exploring particular non-linear sigma models.
We start by studying a theory which generalises the principal chiral non-linear sigma model. The classical integrability of this model has already been investigated in the literature [20, 21] . Its study here is for two purposes: Firstly, we would like to highlight the group theory structure behind the integrability requirement. Secondly, the results of this example will be of use in the rest of the paper.
We consider the generalisation of the principal chiral non-linear sigma model as given by the action
where Ω ab is a constant matrix and g 
where use of the Bianchi identities
has been made. The linear system, whose consistency condition is equivalent to the above equations of motion, could only be of the form
where P a and Q a are constant matrices. The spectral parameter, if it exists, is hidden in these matrices. The compatibility condition of this linear system is
We then demand that
for some linearly independent matrices R a . This leads firstly to the determination of the matrices P a in terms of Q a and R a through
Secondly, it yields the condition
This last equation determines the non-linear sigma model (that is Ω ab ) and its Lax pair (the matrices Q a and R a ). It is clear that if a solution exists, then it must have a Lie algebra interpretation. We will show below that equation (5.8) does have solutions for particular examples.
A three-dimensional example
This particular solution to (5.8) is based on the SU(2) Lie algebra. We take the matrix Ω ab to be diagonal
The linear system is taken to have the form (
It is then found that equation ( 
where κ
The spectral parameter is x. This solution was first found in [6] and later given in its present form in [21] .
This solution might as well be extended to the case of the SO(6) Lie algebra which is described by the commutations relations
However, this Lie algebra can be cast in the form
We have therefore two copies of the SU(2) Lie algebras and we conclude that the non-linear sigma model (5.1) defined by
is integrable. The corresponding linear system is of the form (5.10) where now the indices a , b . . . run from 1 to 6. The matrix elements (X 
A four-dimensional example
So far, all the integrable non-linear sigma models listed in this paper are known. We will now explicitly construct a new integrable model. This is based on a four-dimensional non-semi-simple Lie algebra whose commutation relations are where b is an arbitrary constant. Using this invertible bilinear form one can, for instance, construct a principal chiral non-linear sigma model
where as usual (g
This is an integrable non-linear sigma model with the Lax pair
where x is the spectral parameter. Our aim is to generalise the above principal chiral non-linear sigma model. We consider the action
where Ω ab is symmetric and of the form
This non-linear sigma model is integrable if a solution to (5.8) can be found. For this purpose, we seek a linear system of the form
where we assume that the constant matrices X a b and Y c d are diagonal (that is, eight unknowns). It turns out that (5.8) yields six independent equations (for eight unknowns). These are
The explicit solution to this set is too untidy to write down. We choose therefore to give it in an iterative manner. We take the two elements X 1 1 and Y 1 1 as our free parameters leaving us with six equations and six unknowns. One of these parameters reflects simply the fact that our Lie algebra is invariant under the rescaling P 1 → λP 1 , P 2 → λP 2 , J → J, T → λ 2 T . Therefore, only one parameter is left and in order to simplify slightly the equations we take X The parameter x will play the role of the spectral parameter. The last two equations of (5.22) yield then
while the first and the second equations give
Replacing these back into (5.22) allows the determination of 
This is a quadratic equation in z = (X 2 2 ) 2 whose solution is 
A five-dimensional example
We consider a five-dimensional non-semi-simple Lie algebra whose generators T a = {P 1 , P 2 , P 3 , J , T } satisfy [T a , T b ] = f c ab T c with the non-vanishing commutators being Of course, as in the above four-dimensional example, the principal chiral model constructed with this bilinear form is integrable. The integrable non-linear sigma model we present here is described by the action
where Ω ab is a slight generalisation of the bilinear form (5.29) and is of the form
This non-linear sigma model is integrable and its corresponding linear system is given by 
The parameters x and y are arbitrary.
Klimčík's solution 7
The most important ingredient in the construction of [24] is a linear operator R acting on the generators of a simple Lie algebra G. This operator is required to satisfy two relations. Firstly
Secondly, R verifies the skew-symmetry condition 36) where < , > G is the Killing-Cartan form on the Lie algebra G. An R operator satisfying (5.34) and (5.36) was given in [24] . This is constructed as follows: Let the Lie algebra G be generated by (H µ , B α , C α ) where α labels the positive roots and H µ are the generators of the Cartan subalgebra. The step generators E α and E −α are defined, up to a normalisation factor, as
The linear operator R acts on the generators of the Lie algebra G as follows:
For instance, in the case of the Lie algebra SU(2), with generators T = {T 1 , T 2 , T 3 }, we have
Similarly, for G = SU(3) the operator R acts as
We will show below that (at least for the SU(2) case) the above action of the operator R is not the most general one. The integrable non-linear sigma model constructed in [24] is described by the action
where g is the group element corresponding to the Lie algebra G, I is the identity operation on the generators of G and ε is a free parameter. The equations of motion of this theory can be cast into the form
where the two currents J andJ are defined as
These two currents satisfy the Bianchi identity
These are found by writing g −1 ∂g = (I + εR) J and g −1∂ g = − (I − εR)J and demanding that the identity ∂ g −1∂ g −∂ (g −1 ∂g) + g −1 ∂g , g −1∂ g = 0 holds. Finally, the Lax pair corresponding to this non-linear sigma is given by
with x being the spectral parameter. The zero curvature condition of this linear system is
We see that the second term vanishes identically while the first is equivalent to the equations of motion.
Of course the action (5.41) is a particular case of the generalised chiral principal model (5.1). For example, in the case of the Lie algebra SU(2), the model (5.41) leads to
The anti-symmetric part of Ω ab yields a total derivative in the action and one is left with the integrable model of Cherednik [6] . For completeness, we also give the matrices P a = X 
where the lower index labels the rows. Similarly, the tensor Ω ab corresponding to the SU(3) case is given by by replacing x with −x and ε with −ε. As mentioned above, it seems that the action of the operator R as given in (5.38) is not the most general one. Indeed, for the case of the Lie algebra SU(2) we have found that the most general linear operator R, satisfying the two conditions (5.34) and (5.36) , is given by 
The matrix Y b a is obtained from the expression of X b a by replacing x with −x and ε with −ε. Finally, we should also mention that the integrability of the model (5.41) holds even when the Lie algebra G is non-semi-simple provided that the bilinear form < , > G is invertible (the invertibility of the bilinear form is used in deriving the equations of motion). This is so because the proof of the integrability of the non-linear sigma model (5.41) relies on the two relations (5.34) and (5.36), satisfied by the R operator, and on the existence of an invertible bilinear form on the Lie algebra G. As an example, the non-semi-simple Lie algebra (5.15) with the invertible bilinear form (5.16) possesses an R operator of the form 
Duality and integrability
In this section we will put forward a method for constructing new integrable non-linear sigma models starting from already integrable ones. This is based on the concept of T-duality [25] that certain two-dimensional non-linear sigma have.
In order to illustrate the important role of T-duality in the construction of integrable non-linear sigma models, we will start by considering a simple example. The discussion of the general case will be treated somewhere else [26] (Abelian T-duality in the context of integrability has been used in [5] in a very particular non-linear sigma model). We will consider the non-linear sigma model of the previous section whose action is
This theory has the symmetry transformation g −→ Lg, where L is a constant element of the Lie group to which g belongs. The duality transformations are found by first gauging this symmetry and adding a Lagrange multiplier term which constrains the gauge field strength to vanish [27, 28, 29] . This results in the first order action
Here B = B a T a andB =B a T a are the gauge fields with the gauge transformation B −→
The Lagrange multiplier χ a , transforming in the adjoint representation, imposes the pure gauge condition ∂B a −∂B a + f a bc B bBc = 0 whose solution is B = h −1 ∂h andB = h −1∂ h. Upon replacing this back into the action S 1 one gets the relation S 1 = S(hg) and by choosing h = 1 (thanks to the local gauge symmetry g −→ Lg, h −→ hL −1 ) one concludes that the action S 1 is equivalent to the action S. The dual action is obtained by keeping the Lagrange multiplier and eliminating, instead, the gauge fields (through their equations of motion). This procedure yields, after the gauge choice g = 1, the dual theory
We will show now that if the original theory (6.1) is integrable then its dual (6.3) is also integrable. It is convenient, for this purpose, to introduce the two currents
In terms of these, the equations of motion of the dual theory (6.3) are
We notice that these are the Bianchi identities (5.3) of the original theory with (J a ,J a ) interchanged with (A a ,Ā a ). Furthermore, these currents satisfy the Bianchi identity (stemming from ∂∂χ a −∂∂χ a = 0) 
takes exactly the form of the equations of motion (5.2) of the original theory with the exchange (J a ,J a ) ←→ (A a ,Ā a ). As already shown in equation (2.27) , the zero curvature condition stemming from a Lax pair is a linear combination of the equations of motion of the sigma model and some corresponding Bianchi identities. Moreover, the equations of motion and the Bianchi identities of the dual theory are simply linear combinations of those of the original theory with the ex- 
This is simply the Lax pair of the original theory with (J a ,J a ) and (A a ,Ā a ) interchanged. Indeed, if the original non-linear sigma model (6.1) is integrable (that is when (5.8) is satisfied) then the zero curvature condition of this last linear system is
where we have used the relation P a = Q a + (Ω ac + Ω ca )R c and the integrability condition (5.8). We notice that the first term vanishes identically and the second term yields the equations of motion of the dual non-linear sigma model. (6.10)
The Lax pair of the dual of the principal chiral non-linear sigma model is read from (3.4), for κ = 0, according to the above prescription. This is therefore given by
where x is the spectral parameter.
2) The second example we consider is the SU(2)-based non-linear sigma model whose corresponding matrix Ω ab is given in (5.9) and for which
Its dual partner is given by the action (6.3) with the matrix M −1 explicitly given by
where 
Conclusion
The question of classical integrability of two-dimensional non-linear sigma models has been addressed in this paper. We have first focused on the issue of representing the equations of motion of the non-linear sigma model as a zero curvature condition of a linear system. This is regardless of whether the Lax pair depended or not on a spectral parameter. This requirement resulted in a master equation with some interesting geometrical properties. In particular, it is shown that in the case when the matrices involved in this equation are Lie algebra valued matrices, this master equation is a generalisation of an equation encountered in the context of Poisson-Lie T-duality. It is therefore hopeful that a general solution along the lines of [13, 14] might be found to this master equation.
We have then put special emphasis on those constructions admitting a spectral parameter. Two situations emerged from this analyses. The first consists of those constructions where the spectral parameter enters in a multiplicative way. The geometry of the integrable non-linear sigma models is in this case tractable. The isometry symmetry of these sigma model plays an essential role and is responsible for their integrability. Even in this simplified version, the general solution to the master equation remains a challenging problem. The second situation concerns those constructions for which the spectral parameter does not manifest itself in a multiplicative manner. Here, we have studied only the integrability of a generalisation of the principal chiral non-linear sigma model. The master equation for these models, (5.8), has a certain Lie algebra structure and one hopes that this might be helpful in finding solutions. We have carried out a computer assisted study and found two new integrable non-linear sigma models. These are given in (5.20) and (5.31) and are based on two non-semi-simple Lie algebras of dimension four and five, respectively.
Always in the context of the generalised principal chiral non-linear sigma model, we have given a brief summary of a new integrable non-linear sigma model that has recently been found by Klimčík [24] . This solution to the master equation holds for any simple Lie algebra and relies on an R operator which acts on the generators of the Lie algebra. We have pointed out that the action of the R operator as given in [24] , equation (5.38), is not the most general one. We have worked out the most general R operator for the case of the SU(2) Lie algebra. This has led to a more general integrable non-linear sigma model (5.52) in comparison with the one in (5.47). However, the problem of constructing the most general R operator for other Lie algebras is still an open issue. Furthermore, it is shown that the R operator can also be extended to non-semi-simple Lie algebras. This was carried out for a particular example resulting in another integrable non-linear sigma model (5.55).
We have also shown that there is a connection between T-duality and integrability of non-linear sigma models. More precisely, if a non-linear sigma model is integrable and admits a T-duality transformation then its dual is also integrable. This might not sound surprising as two non-linear sigma models related by a T-duality transformation are by definition equivalent. However, it is not obvious how to find the Lax pair associated to the dual theory starting from the Lax pair of the original non-linear sigma model. We have given here the recipe for this passage. T-duality is therefore a mean for constructing new integrable non-linear sigma models.
Among the open problems that could be addressed in the light of this work would be the extension of the standard procedure of the dressing transformations [30, 1, 2] encountered in the principal chiral sigma model [31, 32, 33] to the new integrable models found in this paper. The construction of the conserved charges is also another challenging issue.
Finally, we should mention that the study of the integrability of non-linear sigma models carried out here could be of interest to string theory in its quest for integrable string backgrounds [34, 35, 36] .
